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OBJECTIVES:
e To introduce the basic mathematical concepts related to electromagnetic vector fields
e To impart knowledge on the concepts of
v Electrostatic fields, electrical potential, energy density and their applications.
v' Magneto static fields, magnetic flux density, vector potential and its applications.
v Different methods of emf generation and Maxwell’s equations
v" Electromagnetic waves and characterizing parameters

UNIT I ELECTROSTATICS - | 6+6
Sources and effects of electromagnetic fields — Coordinate Systems — Vector fields —Gradient,
Divergence, Curl — theorems and applications - Coulomb’s Law — Electric field intensity — Field
due to discrete and continuous charges — Gauss’s law and applications.

UNIT Il ELECTROSTATICS -1l 6+6
Electric potential — Electric field and equipotential plots, Uniform and Non-Uniform field,
Utilization factor — Electric field in free space, conductors, dielectrics - Dielectric polarization —
Dielectric strength - Electric field in multiple dielectrics — Boundary conditions, Poisson’s and
Laplace’s equations, Capacitance, Energy density, Applications.

UNIT 1l MAGNETOSTATICS 6+6
Lorentz force, magnetic field intensity (H) — Biot-Savart’s Law - Ampere’s Circuit Law — H due to
straight conductors, circular loop, infinite sheet of current, Magnetic flux density (B) — B in free
space, conductor, magnetic materials — Magnetization, Magnetic field in multiple media —
Boundary conditions, scalar and vector potential, Poisson’s Equation, Magnetic force, Torque,
Inductance, Energy density, Applications.

UNIT IV ELECTRODYNAMIC FIELDS 6+6
Magnetic Circuits - Faraday’s law — Transformer and motional EMF — Displacement current -
Maxwell's equations (differential and integral form) — Relation between field theory and circuit
theory — Applications.

UNITV ELECTROMAGNETIC WAVES 6+6
Electromagnetic wave generation and equations — Wave parameters; velocity, intrinsic
impedance, propagation constant — Waves in free space, lossy and lossless dielectrics,
conductors- skin depth - Poynting vector — Plane wave reflection and refraction.

TOTAL : 60 PERIODS

OUTCOMES:
e Ability to understand the basic mathematical concepts related to electromagnetic vector
fields.

e Ability to understand the basic concepts about electrostatic fields, electrical potential,
energy density and their applications.

e Ability to acquire the knowledge in magneto static fields, magnetic flux density, vector
potential and its applications.
Ability to understand the different methods of emf generation and Maxwell’s equations

e Ability to understand the basic concepts electromagnetic waves and characterizing
parameters

e Ability to understand and compute Electromagnetic fields and apply them for design and
analysis of electrical equipment and systems
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UNIT -1 Electrostatics - I

Electromagnetic theory is a discipline concerned with the study of charges at rest and in
motion. Electromagnetic principles are fundamental to the study of electrical engineering
and physics. Electromagnetic theory is also indispensable to the understanding, analysis
and design of various electrical, electromechanical and electronic systems. Some of the
branches of study where electromagnetic principles find application are:

RF communication, Microwave Engineering, Antennas, Electrical Machines, Satellite
Communication, Atomic and nuclear research ,Radar Technology, Remote sensing, EMI
EMC, Quantum Electronics, VLSI ,

Electromagnetic theory is a prerequisite for a wide spectrum of studies in the field of
Electrical Sciences and Physics. Electromagnetic theory can be thought of as
generalization of circuit theory. There are certain situations that can be handled
exclusively in terms of field theory. In electromagnetic theory, the quantities involved
can be categorized as source quantities and field quantities. Source of electromagnetic
field is electric charges: either at rest or in motion. However an electromagnetic field may
cause a redistribution of charges that in turn change the field and hence the separation of
cause and effect is not always visible.

Sources of EMF:
e Current carrying conductors.
e Mobile phones.
e Microwave oven.
e Computer and Television screen.
e High voltage Power lines.

Effects of Electromagnetic fields:
e Plants and Animals.
e Humans.
e Electrical components.

Fields are classified as
e Scalar field
e Vector field.

Electric charge is a fundamental property of matter. Charge exist only in positive or
negative integral multiple of electronic charge, -e, e= 1.60 x 10™'? coulombs. [It may be
noted here that in 1962, Murray Gell-Mann hypothesized Quarks as the basic building
blocks of matters. Quarks were predicted to carry a fraction of electronic charge and the
existence of Quarks have been experimentally verified.] Principle of conservation of
charge states that the total charge (algebraic sum of positive and negative charges) of an
isolated system remains unchanged, though the charges may redistribute under the
influence of electric field. Kirchhoftf's Current Law (KCL) is an assertion of the



conservative property of charges under the implicit assumption that there is no
accumulation of charge at the junction.

Electromagnetic theory deals directly with the electric and magnetic field vectors where
as circuit theory deals with the voltages and currents. Voltages and currents are integrated
effects of electric and magnetic fields respectively. Electromagnetic field problems
involve three space variables along with the time variable and hence the solution tends to
become correspondingly complex. Vector analysis is a mathematical tool with which
electromagnetic concepts are more conveniently expressed and best comprehended. Since
use of vector analysis in the study of electromagnetic field theory results in real economy
of time and thought, we first introduce the concept of vector analysis.

Vector Analysis:

The quantities that we deal in electromagnetic theory may be either scalar or vectors
[There are other class of physical quantities called Tensors: where magnitude and
direction vary with co ordinate axes]. Scalars are quantities characterized by magnitude
only and algebraic sign. A quantity that has direction as well as magnitude is called a
vector. Both scalar and vector quantities are function of time and position . A field is a
function that specifies a particular quantity everywhere in a region. Depending upon the
nature of the quantity under consideration, the field may be a vector or a scalar field.
Example of scalar field is the electric potential in a region while electric or magnetic
fields at any point is the example of vector field.

— 2=
| |is the magnitude and |ﬂ| is the

— . =

A vector 4 can be written as, A=ai , where,

unit vector which has unit magnitude and same direction as that of .

Two vector and & are added together to give another vector C’'. We have

Let us see the animations in the next pages for the addition of two vectors, which has two
rules: 1: Parallelogram law  and 2: Head & tail rule



m)

>
I

HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE PLAY AND STOP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1{b): Vector Addition (Head & Tail Rule)
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PARALLELOGRAM RULE FOR VECTOR ADDITION

USE THE FLAY AND STOF BUTTONS TO VIEW HOW THE
WECTORS A AND B ARE ADDED AND THE RESULTANT C 15
PRODUCED

Fig 1.1{a}:Vector Addition{Parallelogram Rule}
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HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE FLAY AND STOFP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
FRODUCED

Fig 1.1{b): Vector Addition (Head & Tail Rule)



VECTOR ADDITION
B
c /B

HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE PLAY AND STOF BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1(b): Vector Addition (Head & Tail Rule)

vector Subtraction is similarly carried out; D=A-F=4+ (—E) ...................

VECTOR
SUBTRACTION

STOP

CLICK PLAY AND STOP TO SEE THE VECTOR SUETRATION
OF A AND B

Fig 1.2: Vector subtraction



vector Subtraction is similarly carried out: D=A-F=4+ (—E) ........................ (13

CLICK FLAY AND STOP TO SEE THE VECTOR SUBTRATION
OF A AND B

Fig 1.2: Vector subtraction

Scaling of a vector is defined as C'=a&B where® is scaled version of vector & and® isa
scalar.

Some important laws of vector algebra are:

A+B=B+4 Commutative Law............ccocovevveevieiiirceeenenna, (1.3)
ﬁ+(§+5)=(ﬁ+§)+5 o

Associative Law........cceevevveeeciiieciieceiee e, (1.4)
a(d+B)-ad+ab DASEDUVE LAW oo (1.5)

J—

The position vector "Bofa point P is the directed distance from the origin (O) to P, i.e.,
o OF




J— —_

If'2=0Pand #= OQ are the position vectors of the points P and Q then the distance
vector

PG-00-0F-7-7
Product of Vectors

When two vectors “and & are multiplied, the result is either a scalar or a vector
depending how the two vectors were multiplied. The two types of vector multiplication
are:

Scalar product (or dot product) 4' 5 gives a scalar.

Vector product (or cross product) 4* 5 gives a vector.

The dot product between two vectors is defined as '8 = |4||B|cosOyp ................. (1.6)
Vector product = [4]1B]sin 645

% is unit vector perpendicular to A and B

B.A

A B =54 and distributive i.e.,
3-(3+5)-FB+3C
. Associative law does not apply to scalar product

The vector or cross product of two vectors A and Bi is denoted by Ax 3 AxE; is a vector

perpendicular to the plane containing A and B , the magnitude is given by [4]18sin 6,5

and direction is given by right hand rule as explained in Figure 1.5.



Here we will get,
C=A4Ax 8

Here we will get,

C=FxAd
fr——— fr———
/
—
/1 /1

Fig 1.5 :lllustrating the left thumb rule for determining the vector cross product

Here we will get,
C=Ax F

Here we will get,
C=Fx4d

/ ’ ’
A A C

Fig 1.5 :lllustrating the left thumb rule for determining the vector cross product

AxB=a, ABsin 8, (7
A AxE
A & T E =
a . . . |45
where “* is the unit vector given by,
The following relations hold for vector product.
AxB=-Bx4 i.e., cross product is non commutative .......... (1.8)
Ax(B + ) =dxB+AC N
1.e., cross product is distributive....................... (1.9)

Ax(E < C)=(DBpC | o
1.e., cross product is non associative.............. (1.10)



Scalar and vector triple product :
. A B
Scalar triple product ~ + 4 v S (1.11)

Vector triple product [ (1.12)

Co-ordinate Systems

In order to describe the spatial variations of the quantities, we require using appropriate
co-ordinate system. A point or vector can be represented in a curvilinear coordinate
system that may be orthogonal or non-orthogonal .

An orthogonal system is one in which the co-ordinates are mutually perpendicular. Non-
orthogonal co-ordinate systems are also possible, but their usage is very limited in
practice .

Let u = constant, v = constant and w = constant represent surfaces in a coordinate system,
the surfaces may be curved surfaces in general. Furthur, let % % and % be the unit
vectors in the three coordinate directions(base vectors). In a general right handed
orthogonal curvilinear systems, the vectors satisfy the following relations :

Eal Eal Eal
i, Sl =,
s o s
R, = d,
s s s
doER =
8 T e, (1.13)

These equations are not independent and specification of one will automatically imply the
other two. Furthermore, the following relations hold



A vector can be represented as sum of its orthogonal

components, A=dar4arda, (1.15)
In general u, v and w may not represent length. We multiply u, v and w by conversion
factors hy,h; and ks respectively to convert differential changes du, dv and dw to

corresponding changes in length d/,, d/,, and d/5. Therefore

di—a,dl +a,dl +a,dl,
= hydu a, + hdva, +indwa,

dv = Ipfefdudvdw and

In the same manner, differential volume dv can be written as

differential area ds, normal to % is given by, dsy = Fyfydvdw

Eal fat

. In the same manner,
: : . b @
differential areas normal to unit vectors ~* and ~* can be defined.

In the following sections we discuss three most commonly used orthogonal co-
ordinate systems, viz:

1. Cartesian (or rectangular) co-ordinate system
2. Cylindrical co-ordinate system
3. Spherical polar co-ordinate system
Cartesian Co-ordinate System :
In Cartesian co-ordinate system, we have, (u,v,w) = (x,,z). A point P(xo, yo, zo) in

Cartesian co-ordinate system is represented as intersection of three planes x = xo, y = yo
and z = zy. The unit vectors satisfies the following relation:

Cartesian Coordinate System
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c;txxc;ty= A

Eat Eat oy

@, "y = dy

A A oa

S y o

Eat o o Eat o Eat

@, =@, & =a, a =0
oy fay Fal oy s Fal

Ay Ay =y a4y =d; .y =1
—_— .-'-. n ~

OF =a, x, ta, ¥ ta, z;

— i o o
. . >l . A=a ta, A ta
In cartesian co-ordinate system, a vector A can be written as v L 4 .

The dot and cross product of two vectors “dand & can be written as follows:
AB=AB +AB + AR (1.19)

AxE =a,(A,8,~ 48,)+a, (4B, - AB)+a, (43, 4,3)

DA
"
B, B, B,

.................... (1.20)

Since x, y and z all represent lengths, /= h,= h3=1. The differential length, area and
volume are defined respectively as

di =dxa,+dya,+dza,

................ (1.21)
doy =dydza,
dsy = drdza,
d oz = drdy c;;
AU = dxdyvdz (1.22)

Cylindrical Co-ordinate System :

For cylindrical coordinate systems we have w.v.w) =(r.p.2) point Flry- . 2) is
determined as the point of intersection of a cylindrical surface r = r, half plane



containing the z-axis and making an angle o= ; with the xz plane and a plane parallel
to xy plane located at z=z, as shown in figure 7 on next page.

In cylindrical coordinate system, the unit vectors satisfy the following relations

Ll

A=A a+rdarLa (1.24)

A vector < can be written as ,

The differential length is defined as,

di=a,do+pdpa,+dzas =Ly = 0.0 = (1.25)

o s s
dp*dy = ds
o fas Ea
g T dp
N s s

ﬂxxﬂp Sdg (123)



Fig 1.7 : Cylindrical Coordinate System

Differential areas are:

ds, = pdfdza,
ds,=dpodza, - [1.26)

ds, = pdgd pa,

v

b Differential volume,

do=pdodgde (1.27)

X

Fig 1.8 : Differential Volume Element in Cylindrical Coordinates

Transformation between Cartesian and Cylindrical coordinates:

o A=a,A vasd tas A . . .
Let us consider pdotapd, tas dy is to be expressed in Cartesian co-ordinate as
- ~ ~ =E.a=aﬂ+aﬂ+aﬂx.a
A= + A+ . A‘-‘ ¥ o ¢ E ¥
ardtaydirand doing so we note that
and it applies for other components as well.



a1
@,.q, =sng
" n e (1.28)
a, a, = cos(f+2) = ~sin
ﬁ_ o o -
‘ 2 @,.d, =cosf
> -y Therefore we can write,
A=Aa, =A cosg-Asing
A =da =4 sing+dcosg o (1.29)
4-da-4

Fig 1.9 : Unit Vectors in Cartesian and Cylindrical Coordinates

These relations can be put conveniently in the matrix form as:

A cosg —sng O)]4,
Al=lsing cosg 014,

.3 0 R | 53 D (1.30)
A4y and 4 themselves may be functions of p.pandz
x=pcosd
y=pun g
ZZZ e (1.31)
p =5+t
= 1:5111'1£

The inverse relationships are: Z =2 ... (1.32)



Spherical Polar Coordinate System

Fig 1.10: Spherical Polar Coordinate System
Thus we see that a vector in one coordinate system is transformed to another coordinate
system through two-step process: Finding the component vectors and then variable

transformation.

Spherical Polar Coordinates:

For spherical polar coordinate system, we have, (e, v.w) = (r.8.8) . A point Flr. 6. ) is
represented as the intersection of

(1) Spherical surface r=ry
(i1) Conical surface £=4 ,and

(111) half plane containing z-axis making angle ¢= % with the xz plane as shown in the
figure 1.10.

Eal Eal Eal
@, iy =iy
o o o
Qg P @, = d,
Eal Eal Eal
. . . . . @, = dy
The unit vectors satisfy the following relationships:

The orientation of the unit vectors are shown in the figure 1.11.




»Yy

x‘/ Orientation of Unit Vectors

Fig 1.11: Orientation of Unit Vectors

: . : L Ad=Aa+da+Ada
A vector in spherical polar co-ordinates is written as : A=dardat4a, and
di = @, dr ta, rd8+a rsn 8d ¢

For spherical polar coordinate system we have #,=1, hy=r and h;=" b
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Fig 1.12{a) : Differential velume in s-p coordinates
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Fig 1.12(b) : Exploded view
With reference to the Figure 1.12, the elemental areas are:
ds, =7 sin SdGdga,
ds, =rsnfdrdga,
ds, =rdrd8a,
and elementary volume is given by
du = r* sin 8drd Sd g
Coordinate transformation between rectangular and spherical polar:

With reference to the figure 1.13 ,we can write the following equations:



s
@,., =cosfoosg

a:.%=cosﬂsin¢5

aﬂ.czz=|::os(5'+gj=—sin5'

@, =Ccosi@+—)=—sn

P @+ ) ¢

a,.a, =cosfd

e T (1.36)

Fig 1.13: Coordinate transformation

A=A a+da+ . . . :
A=d a*da,* dyay in the spherical polar coordinate system, its
component in the cartesian coordinate system can be found out as follows:

A = ﬁ.:;; =4 sin Frosgt+ A, coscosg— A sin ¢



Similarly,

A, =1c§:} = A snfsng+ 4, cosfsin g+ A cos g

................................. (1.38a)
A=da, =Acosf-Asind (1.38b)
The above equation can be put in a compact form:
A sinfcosg cosfoosgd —sing||4
A l=|sinfsing cosfsing cosg ||4
4 R | ) R (1.39)
The components 4.4, Emd"q!’”thernselves will be functions of ** Gand ';é. r, Gand ff?jare

related to x,y and z as:

X =rein ooz @

¥=rsindsin g

z=rcosd (1.40)
and conversely,
= 2 2 4
A R (1.41a)
& =rcos™ Zj =
I (1.41b)

.;E5=tan'1£

T e (1.41¢)

Using the variable transformation listed above, the vector components, which are
functions of variables of one coordinate system, can be transformed to functions of
variables of other coordinate system and a total transformation can be done.

Line, surface and volume integrals

In electromagnetic theory, we come across integrals, which contain vector functions.
Some representative integrals are listed below:



Jﬁdv lm? lﬁd? F.af;f

In the above integrals, & and ';érespectively represent vector and scalar function of space
coordinates. C,S and V represent path, surface and volume of integration. All these
integrals are evaluated using extension of the usual one-dimensional integral as the limit
of a sum, i.e., if a function f{x) is defined over arrange a to b of values of x, then the
integral is given by

& b
f F(x)dx =lim > £5x,
2 e (1.42)

where the interval (a,b) is subdivided into n continuous interval of lengths Sy L

Edl
Line Integral: Line integral J: is the dot product of a vector with a specified C; in

other words it is the integral of the tangential component £ along the curve C.

Vector field E

Figure : Line Integral

Fig 1.14: Line Integral

Earound C, we define the integral

?
J:E..:ﬂ = IE cos 8df
2 as the line integral of E along the curve C.

If the path of integration is a closed path as shown in the figure the line integral becomes

Edl
a closed line integral and is called the circulation of £ around C and denoted as iﬁ as
shown in the figure 1.15.



i/

Figure: Closed Line Integral

Fig 1.15: Closed Line Integral

Surface Integral :

Given a vector field 4, continuous in a region containing the smooth surface S, we
define the surface integral or the flux of A through S as

= !ﬂcos 85 = Jﬁ.é; s = l‘ﬁdﬁ:
as surface integral over surface S.

Surface S

w=(fﬁd§

Volume Integrals:




deor m A

We define J as the volume integral of the scalar function f{function of

Fdv
spatial coordinates) over the volume V. Evaluation of integral of the form J can be
carried out as a sum of three scalar volume integrals, where each scalar volume integral is

a component of the vector

The Del Operator :

The vector differential operator ¥ was introduced by Sir W. R. Hamilton and later on
developed by P. G. Tait.

Mathematically the vector differential operator can be written in the general form as:

o 18, 18, .13,

=——a, +——a,+— i,
oy ou My dv oy ow (1.43)

Gradient of a Scalar function:

In Cartesian coordinates:

g, 8., 7,
V=—d +—d,+—d,
B T B e (1.44)
In cylindrical coordinates:
ve2aslds 0,
R (1.45)

and in spherical polar coordinates:

g, 13, 1 a .
V=—d +-—d, +———d,
o r dg rain & 3;25' (146)

Let us consider a scalar field V(u,v,w) , a function of space coordinates.

Gradient of the scalar field V is a vector that represents both the magnitude and direction
of the maximum space rate of increase of this scalar field V.



Fig 1.17 : Gradient of a scalar function
As shown in figure 1.17, let us consider two surfaces Sjand S, where the function V" has
constant magnitude and the magnitude differs by a small amount dV. Now as one moves
from S to S», the magnitude of spatial rate of change of V"i.e. dV/dl depends on the
direction of elementary path length dl, the maximum occurs when one traverses from S;to
Sralong a path normal to the surfaces as in this case the distance is minimum.

By our definition of gradient we can write:

aradv =2 0 —wp
dn

since €% which represents the distance along the normal is the shortest distance between
the two surfaces.

For a general curvilinear coordinate system

dl=a, dl, +a,d, +a,d, =|hdua, +hdva, +idwa,

Further we can write

i =ﬁd—m=ﬁcosﬂ='\_f’?"&z
di - dn dl 0 dw




AV =TV.dl =TV (hdu a, + dva, + hdwa,)

Also we can write,

a7 = 2—V.:ﬂ ﬁcﬁ +ﬁcﬂ

u ¥ W

., av, av, N
G, oG, |(dld, +dLd, +dl
(af .'J a,!.? a‘l‘ af ﬂWJ I: .!I:I.'J 'In'a'l' Wﬂ“‘)

¥ W

[arf X . .
+

PES ”+k23vav kﬁw J(E@ldua + hdvid, + hdwi )

By comparison we can write,

gt 1V, 1,

PR TR Ve R

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the
expressions for gradient can be written as:
In Cartesian coordinates:

wr=26+% a0 +%;

e (1.53)

In cylindrical coordinates:

Vi = aVa: +1BV +g&

A E A (1.54)

and in spherical polar coordinates:

H 18 1 3,
V= —d, +——d, +———d,
o » 30 rend d¢

The following relationships hold for gradient operator.



VI +) =VI+VY
VI =PV AUV

. VVU-UVY
V=

V I'P’
Tl e (1.56)

where U and V are scalar functions and # is an integer.

A n

— (=4 a)
It may further be noted that since magnitude of depends on the direction of
d/, it is called the directional derivative. If A=AV, Vis called the scalar potential

function of the vector function 1.
Divergence of a Vector Field:

In study of vector fields, directed line segments, also called flux lines or streamlines,
represent field variations graphically. The intensity of the field is proportional to the
density of lines. For example, the number of flux lines passing through a unit surface S
normal to the vector measures the vector field strength.

L= lﬂcosﬂds =JE'&N|:£S = lﬁd;

We define the divergence of a vector field 4 at a point P as the net outward flux from a
volume enclosing P, as the volume shrinks to zero.



o Adz
div A=V A = lim L

o e (1.59)

Here £V is the volume that encloses P and S is the corresponding closed surface.

T
It
vy

b

. The
flux through an elementary area normal to u is given by,

Net outward flux along u can be calculated considering the two elementary surfaces perpendicular to u

Ry A, — i A, | vy = %mmﬁw

uE et

T ] T

oM



Considering the contribution from all six surfaces that enclose the volume, we can write

. . (‘PEESP dudﬁww+dudﬁww+dudﬁww
div A=V A = lim 12 = o dv e
et Ly by, b cuchvcw
Cgpe ] did, ) B(d) 34,
| Wb | du B i
....................................... (1.62)

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the expressions for diverge:
written as:

In Cartesian coordinates:

GG 4 34 a4
i

B E (1.63)
In cylindrical coordinates:
gogoldled) 1084 a4
L OO (1.64)
and in spherical polar coordinates:
- alr i
vi-l (~4) . 1 3(ing4) 1 34
d dr rsin & i PAn8 3¢, (1.65)

In connection with the divergence of a vector field, the following can be noted
o Divergence of a vector field gives a scalar.

V(A+B) =V A+V I
VA=V A+ ATV

Divergence theorem :
Divergence theorem states that the volume integral of the divergence of vector field is
equal to the net outward flux of the vector through the closed surface that bounds the

Jv iy = gs:é- ds
volume. Mathematically,



Proof:

Let us consider a volume V enclosed by a surface S . Let us subdivide the volume in large

number of cells. Let the £” cell has a Volume‘ﬁVK and the corresponding surface is
denoted by S;. Interior to the volume, cells have common surfaces. Outward flux through
these common surfaces from one cell becomes the inward flux for the neighboring cells.
Therefore when the total flux from these cells are considered, we actually get the net
outward flux through the surface surrounding the volume. Hence we can write:

fﬁ-dé
M.'i:-
A

isﬁ-dhziﬁ-dhz
k k

In the limit, that is when & —%and Ay =0

B["Tf’.ﬂdff

the right hand of the expression can be

written as

fﬁ-aﬁ - Jv Adv
Hence we get , which is the divergence theorem.

Curl of a vector field:

Adl
We have defined the circulation of a vector field 4 around a closed path as T .

Curl of a vector field is a measure of the vector field's tendency to rotate about a point.

Curl 4, also written as ¥ *4 is defined as a vector whose magnitude is maximum of the
net circulation per unit area when the area tends to zero and its direction is the normal
direction to the area when the area is oriented in such a way so as to make the circulation
maximum.

Therefore, we can write:

iy

Curi A=V%A=lim cja}i-.:ff
ﬁS—}UM

B e (1.68)

To derive the expression for curl in generalized curvilinear coordinate system, we first

compute Y ¥ A.auand to do so let us consider the figure 1.20 :
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Fig 1.20: Curl of a Vector

C represents the boundary of &5 | then we can write

iﬁ-dﬂiﬁ-dﬂgfﬁ-dﬂJ;E-d}lz[lﬁ-df
C (1.69)

The integrals on the RHS can be evaluated as follows:

l
J

The negative sign is because of the fact that the direction of traversal reverses. Similarly,

|

dl = (A8, + A4, + AZ,) Iytvd, = Aty

)

-d}“=-[%ﬁv+%@w;ﬁw]

J:]i- di = [ Ao+ % (%ﬂw]&v]

ILE- di = —A i

iz d3=[£(%)-%m@)]ﬂv&w

Therefore,
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In the same manner if we compute for and

—

we can write,

WA

1
_;32333[ Bv dw )t | ow B | iy | 8

'321&.'1 '322&1' '333&1&'

id

Wik | B dv o ow
A AR (1.77)
d, &, 4,
In Cartesian coordinates: SR T N (1.78)
i, o, 4,
In Cylindrical coordinates, e T (1.79)
g, rd, rsindd,
VA= e slin g Ba_r % %
In Spherical polar coordinates, A rd randj (1.80)

Curl operation exhibits the following properties:

(N Curl of & vedtor field is another vector field.
(i ?X(E+§]=?KE+?J{§
(i) Tx(A)= TV x A+ VT x A
(v)  W(Vxd)=D
(1¥) VeV =0

(

— — —

vi)  Tx(AxB)= AVE-BVA+(BEVIA-(AV)

)
~
-
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—
~
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Stoke's theorem :

It states that the circulation of a vector field 4 around a closed path is equal to the

integral of W * 4 gyer the surface bounded by this path. It may be noted that this equality
holds provided “and ¥ *4 are continuous on the surface.

i.e,
SFjﬁ-.:ff=L?><ﬁ-dE

Proof:Let us consider an area S that is subdivided into large number of cells as shown in
the figure 1.21.
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kand is bounded path Ly while the total area is bounded by
path L. As seen from the figure that if we evaluate the sum of the line integrals around the
elementary areas, there is cancellation along every interior path and we are left the line
integral along path L. Therefore we can write,



SFjﬁ-.:ff=L?><ﬁ-dE

which is the stoke's theorem.
ASSIGNMENT PROBLEMS

. In the Cartesian coordinate system; verify the following relations for a scalar

function ¥ and a vector function 4
W [T V) =1

v-(vxﬁ) =0
vx(Vﬁ)=V(vxﬁ)+[vV)><ﬁ

= 9
E = _ja'?’
. An electric field expressed in spherical polar coordinates is given by r
I3 19—
Determine | |and & at a point F-la-2)
f sm2 g i ed i
. Evaluate ¥ over the surface of a sphere of radius @ centered at the
origin.

. Find the divergence of the radial vector field given by J(F)=dr .
A= - yr* Audl
. A vector function is defined by A4=n7a, - rra, . Find CP around the

I(? X A

contour shown in the figure P1.3 . Evaluate over the shaded area and

verify that (PA..;;E;‘ B I ('\Tf' 8 ﬂ).{ﬁ

YA

o
M/



Figure P1.3

In the previous chapter we have covered the essential mathematical tools needed to study
EM fields. We have already mentioned in the previous chapter that electric charge is a
fundamental property of matter and charge exist in integral multiple of electronic charge.
Electrostatics can be defined as the study of electric charges at rest. Electric fields have their
sources in electric charges.

( Note: Almost all real electric fields vary to some extent with time. However, for many
problems, the field variation is slow and the field may be considered as static. For some
other cases spatial distribution is nearly same as for the static case even though the actual
field may vary with time. Such cases are termed as quasi-static.)

In this chapter we first study two fundamental laws governing the electrostatic fields, viz, (1)
Coulomb's Law and (2) Gauss's Law. Both these law have experimental basis. Coulomb's
law is applicable in finding electric field due to any charge distribution, Gauss's law is easier
to use when the distribution is symmetrical.

Coulomb's Law

Coulomb's Law states that the force between two point charges Q,and Q, is directly
proportional to the product of the charges and inversely proportional to the square of the
distance between them.

Point charge is a hypothetical charge located at a single point in space. It is an idealised
model of a particle having an electric charge.

F= Q1Q2
2
Mathematically, R ,where k is the proportionality constant.

In Sl units, O and O, are expressed in Coulombs(C) and R is in meters.

i = 1
4,

Force F'is in Newtons (N) and . “0is called the permittivity of free space.

(We are assuming the charges are in free space. If the charges are any other dielectric
medium, we will use &=t instead where “is called the relative permittivity or the
dielectric constant of the medium).

1 o,

- ]
Therefore AMEy R (2.1)




As shown in the Figure 2.1 let the position vectors of the point charges Qand Q, are given

by Tand 2. Let i represent the force on Q; due to charge Q..

R=ln-n|=ln—n ) .
. We define the unit vectors

as

- (”"2 -1 -~ (’"1 - “'"2)

iy =T g <

£ and Bl (2.2)
= Chly _ Gy —n)
1z 7 4 F—
= 4, R dae, R [ ’3
12 can be defined as S Similarly the force on Q, due to

—_—

charge Q, can be calculated and if ) represents this force then we can write 1=~

When we have a number of point charges, to determine the force on a particular charge due
to all other charges, we apply principle of superposition. If we have N number of charges

- —

01,05,......... O located respectively at the points represented by the position vectors 17

—_—

S T , the force experienced by a charge Q located at #is given by,

5. 0 Lot-n

47, |J,, _"5’3

Electric Field

The electric field intensity or the electric field strength at a point is defined as the force per
unit charge. That is



The electric field intensity £ at a point 7 (observation point) due a point charge Q located at

r (source point) is given by:

2- 200,
47z, |r -7
.......................................... (2.5)
For a collection of N point charges Q,,0,,......... Oy located at 1 ,rﬂ yeeeens rf"’, the electric field
intensity at point ¥ 'is obtained as
AR ol NG
Ame, |?, "’""3
LS (2.6)

The expression (2.6) can be modified suitably to compute the electric filed due to a
continuous distribution of charges.

In figure 2.2 we consider a continuous volume distribution of charge p(?) in the region
denoted as the source region.

For an elementary charge 40 = plr)dv , i.e. considering this charge as point charge, we
can write the field expression as:

e dQr-r") _ el dvir-rY

4re, |:?"—;r"|3 4re, |r—r"3

Source region

f—
1

’“/ P

Fig 2.2: Continuous Volume Distribution of Charge

When this expression is integrated over the source region, we get the electric field at the
point P due to this distribution of charges. Thus the expression for the electric field at P can
be written as:



B < (A 4,
1[4;?'?&',] r r|3

Similar technique can be adopted when the charge distribution is in the form of a line charge
density or a surface charge density.

70 - lp;(r W=

475 | - ’“’3 ........................................ 2.9)
ol lpj(rj(r o
4;?1?03" r (2.10)

Electric flux density:

As stated earlier electric field intensity or simply ‘Electric field' gives the strength of the field
at a particular point. The electric field depends on the material media in which the field is
being considered. The flux density vector is defined to be independent of the material media
(as we'll see that it relates to the charge that is producing it).For a linear

isotropic medium under consideration; the flux density vector is defined as:

Gauss's Law: Gauss's law is one of the fundamental laws of electromagnetism and it states
that the total electric flux through a closed surface is equal to the total charge enclosed by
the surface.



Fig 2.3: Gauss's Law

Let us consider a point charge Q located in an isotropic homogeneous medium of dielectric
constant ¢. The flux density at a distance r on a surface enclosing the charge is given by

If we consider an elementary area ds, the amount of flux passing through the elementary
area is given by

dw=ﬁ.ds . £ Tdscos 8
ot

..................................... (2.14)
) g
R —dn .
But 7 , is the elementary solid angle subtended by the area @5 at the location of
dyr = E il
Q. Therefore we can write 4

= gy %cfm -0

For a closed surface enclosing the charge, we can write
which can seen to be same as what we have stated in the definition of Gauss's Law.

Application of Gauss's Law

Gauss's law is particularly useful in computing Eor D where the charge distribution has
some symmetry. We shall illustrate the application of Gauss's Law with some examples.

1.An infinite line charge
As the first example of illustration of use of Gauss's law, let consider the problem of

determination of the electric field produced by an infinite line charge of density p.C/m. Let us
consider a line charge positioned along the z-axis as shown in Fig. 2.4(a) (next slide). Since



the line charge is assumed to be infinitely long, the electric field will be of the form as shown
in Fig. 2.4(b) (next slide).

If we consider a close cylindrical surface as shown in Fig. 2.4(a), using Gauss's theorm we
can write,

od=0 =Ef€,3§d§=anf.dg+i£n§d;+J‘EDEd;
S e (2.15)

Considering the fact that the unit normal vector to areas S; and S; are perpendicular to the
electric field, the surface integrals for the top and bottom surfaces evaluates to zero. Hence

we can write, o = G270
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2. Infinite Sheet of Charge

As a second example of application of Gauss's theorem, we consider an infinite charged
sheet covering the x-z plane as shown in figure 2.5.

Assuming a surface charge density of #% for the infinite surface charge, if we consider a
cylindrical volume having sides 45 placed symmetrically as shown in figure 5, we can write:

$D0-ds=2Dhs = 0 s

iy

F=_5 3

J:

e everywhere, inside and outside the sphere, we construct Gaussian surfaces of
radius r < rg and r > ry as shown in Fig. 2.6 (a) and Fig. 2.6(b).
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For the region " =71 the total enclosed charge will be

Qﬂ = .'Gv _‘ﬂTE
e, (2.18)
(a)

_ - iz =
EPD-.::‘:; = I I Dr?sin 8d8dg = 4mr*D, = 0
: pUES0 (2.19)

Therefore
D=4, 0<rin
e (2.20)

By applying Gauss's theorem,

3
* ~
—5 By 2
B s (2.22)
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