
TORSIONAL  
DEFLECTION



What is torsion ?

⚫Torsion is the twisting of an object due 
to an applied torque.

⚫Torsional deflection is the angular 
displacement or deformation of a body 
when a twisting force is applied.



Derivation for torsional deflection 
of a circular shaft

Assumptions

1)The material of the shaft should be 

homogenous and isotropic.
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Assumptions

2)The cross section perpendicular to the 
longitudinal axis of the shaft remains 
perpendicular to the shaft even after the 
application of torque
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Assumptions

3) Surface elements of the cylinder remain 
straight even after twisting takes place.
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Assumptions

4)A typical rectangle such as IFGH will take 
the shape of a parallelogram I’F’G’H’

after twisting.The amount of angular 
distortion is given by angle γ which 
represents shear strain.

Thus,

γ=rθ/L
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Assumptions

5) Length of longitudinal elements remain 
constant under action of external torque.
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Assumptions

6) Hooke’s Law relates shear stress to 
shear strain.
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Derivation

Let usconsiderthattheshaft is subjectedtoshearstress.Nowif we 
consideranyradialposition,ρofanelementOA oftheshaft
,thenbyassumption4, wehave

γ=γρ= ρθ/L

As ρ=r attheperiphery,

γ=γr= rθ/L

So , γρ/γr=ρ/r ….(1)
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Derivation

Fromassumption6,

τ=G γ whereτ is Shear stress ,γ is Shear strainandG  
is modulus of rigidity.

τρ / τr= γρ / γr ……(2)

CrossWhereτp is shearstress atpointA onshaft 
section.

From(1) and(2),

τρ / τr= ρ/r …..(3)



Derivation

Thus shearstress varies linearlywithradial distance.
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Derivation

Nowtocorrelate shear stress withtorqueT letus consider 
atypical cross section of thesolid circular shaft.
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Derivation

If wefocusonannulardifferentialareaweget

dA=2πρdρ

If shearstresscausedbyexternal torqueT onthiselementalstrip
is τρ thendifferential force acting onareadAis dF,which is
givenby,

dF= τρ dA = τρ X 2πρdρ

Differential torquedT is

dT=ρdF= ρ X τρ X 2πρdρ ….(4)
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Derivation

Puttingτρ fromequation(3)

dT= 2πρ3τr/r dρ =(τr/r)2πρ 3 dρ

Integratingbothsides,

0 0
∫ TdT =2π (τr/r)∫ rρ3 dρ

T=2π(τr/r) X (r4/4)= τr/r(πr4/2)= τrJ/r

J= πr4/2=Polar momentof inertiaofcircular crosssectionalarea

Thus, T= τrJ/r andsoτr=Tr/J ….(5)

This is thedesiredrelationbetweenshearstressandexternal 
torque.



Derivation

Weshall nowfindrelationbetweenangleoftwistθ andapplied 
torque.Byhooke’s law, τr=Gγ r

….(6)Soτr=Grθ/L 

From(5) and(6),

Tr/J=Grθ/L

Rearranging, θ =TL/GJ …(7)

T/J=Gθ/L =τr/r ….(8)

This is therequired TorsionEquation for acircular shaft.



Derivation

2 1
On puttingJ=π(d4)/32 and J= π(d 4 - d 4)/32

in thetorsion equation for solidandhollow shaft  
respectively ,we get

1) θ=TL/(G π(d4)/32 ) [FOR SOLID SHAFT]

2 1
2) θ=TL/( G π(d 4 -d 4)/32 )

[FOR HOLLOWSHAFT]

θ is thetorsional deflectionor angleof twist



CONCLUSION

⚫Measurement of torsional defection helps 
in establishment of proper dimensions for 
shaft and other parts so that failure is 
prevented.


